Abstract-In this correspondence, new binary sequence families F of period 2 0 1 are constructed for even n and any k with gcd(k; n) = 2 if n=2 is odd or gcd(k; n) = 1 if n=2 is even. The distribution of their correlation values is completely determined. These families have maximum correlation 2 +1 and family size 2
I. INTRODUCTION
Binary sequences are traditionally employed by spread-spectrum systems, code-division multiple-access (CDMA) systems, and satellite networks [1] . Binary sequence families are preferred to have low autocorrelation, low cross-correlation, and large family size [2] .
The maximal length binary sequences (m-sequences) have a simple representation based on the trace function tr n 1 (1) . Since m-sequences have ideal autocorrelation properties, it is natural to study the cross-correlation function between an m-sequence and its decimations. Many families of low-correlation sequences have been constructed by using m-sequences and their decimations [2] - [4] . For example, the Gold sequence family [5] , [6] was constructed from a pair of m-sequences ftr n 1 (x)g and tr
for odd n and integer k with gcd(n; k) = 1. The small set of Kasami sequences [7] , [8] was constructed from ftr n 1 (x)g and tr
for even n. These families have the maximum correlation 2 
for odd n by Boztas and Kumar [9] are good sequence sets. Its analog for even n was introduced by Udaya [10] . These constructions were further generalized by Kim and No [11] . Having the same family size as Gold sequences, all these generalized sequences can achieve a larger Manuscript received November 13, 2005 ; revised August 15, 2006 . The material in this correspondence was presented in part at the IEEE International Symposium on Information Theory, Seattle, WA, July 2006. The work of X. Zenglinear span than the Gold sequences. The construction was also extended to the nonbinary case [12] .
Combining an m-sequence and its decimations is an efficient method to construct sequence families with large family size and large linear span. The large set of Kasami sequences derived from the sequences tr n 1 (x); tr 
for even n is such a family [7] , [13] . It has the maximum correlation of The modified Gold codes [14] can achieve a much larger family size. However, it is difficult to determine the correlation distribution.
In this correspondence, we generalize the construction of the large set of Kasami sequences. We assume n is even and take k to satisfy gcd(k; n) = 2 for odd n=2 or gcd(k; n) = 1 for even n=2. We combine three m-sequences tr n 1 (x); tr n 1 (x 2 +1 ) and tr 
to get a family of binary sequences with the same family size and correlation distribution as the large set of Kasami sequences. For each k, the constructed family includes the small set of Kasami sequences as its subfamily. When k = n=2 + 1, the family is the large set of Kasami sequences. For k 6 = n=2 6 1 and n 8, the families proposed are different from the large set of Kasami sequences. This correspondence focuses on the correlation distribution of the proposed families. The distribution is determined through finding the number of solutions to the equation
where and " are in F2 , and determining the number of 6 = 0 elements in F 2 such that the equation 
has nonzero solutions, where gcd(r; n) = 1. A linear code and its dual code are introduced as a bridge. The remainder of this correspondence is organized as follows. Section II gives some definitions and preliminaries. Section III studies solutions to (6) and (7) . Section IV characterizes the Fourier transform for a class of quadratic functions. Section V proposes the generalized sequence sets and determine their correlation distribution. Section VI concludes the study.
II. PRELIMINARIES
Let F be a family of M binary sequences of period 2 n 0 1 given by F = fs i (t)g 2 02 t=0 j 0 i M 0 1 :
The periodic correlation function of the sequences fsi(t)g and fsj(t)g in F is 
0018-9448/$25.00 © 2007 IEEE is called the weight enumerator of C, where Ai denotes the number of codewords of weight i in C. The weight enumerator of the dual code C ? of C is [15] W C (x; y) = 2 0k WC(x + y; x 0 y): (12) Let F2 be the finite field with 2 n elements, and n = ml for integers m and l. The trace function tr n m (1) from F 2 to F 2 is defined by [16] tr n m (x) = l01 i=0 x 2 x 2 F2 : A Boolean function f(x) on F 2 is a quadratic form if it can be written as a homogeneous polynomial of degree 2 on V n 2 , namely of the form f(x 1 ; . . . ; x n ) = 1i<jn a ij x i x j . The distribution of its Fourier transform values is completely determined by the rank of the symmetric matrix with zero diagonal entries and with aij as the (i; j) entry, or equivalently, determined by the number of the solutions on z of the sympletic form B f (x; z) = f(x) + f(z) + f(x + z) = 0 (16) holds for all x in F2 . This rank is called the rank of f(x) and must be even. If it is 2h, then the number of the solutions on z is 2 n02h [2] . 
The following lemmas are facts from number theory and linear algebra. They will be used to prove results in this correspondence. 
Lemma 3: Let L(x) be a linearized polynomial over F2 and 2 
2) Assume n 0 mod 4 and gcd(k; n) = 1. The rank of f b;0 (x) is n 0 2, if b is a cubic element in E. Otherwise, the rank is n. When b runs through all elements in E 3 , the distribution of (25) It has optimal correlation property with respect to the Welch bound [18] . There are several generalizations of the small set of Kasami sequences, including No sequences [19] , TN sequences [20] and the generalized Kasami signal set [21] . These generalized sequence sets have the same correlation properties and family sizes as Ks.
The large set of Kasami sequences has a larger family size and contains the small set of Kasami sequences as its subset [7] . For even n 4, define sequences fs ( 
To determine the correlation distribution of the sequence families proposed in this correspondence, the rank of f b;c (x) with b 6 = 0 and c 6 = 0 is analyzed in Sections III-V.
III. SOME EQUATIONS OVER FINITE FIELDS
This section studies the solutions of some equations over E. The solutions will be used in Section IV to determine the Fourier transform of f b;c (x). For a 0 = 0 and gcd(r; n) = 1, the number of solutions to (29) can also be determined by a technique used in [23] and [24] .
For any c 2 F 3 , there is an e 2 F 3 such that c = e (34) and (35), it can be shown that these equations have at most three solutions. Thus, the rank of f b;c (x) is n 0 2 or n. This implies that the number of solutions to (32) is either 1 or 4.
Thus, for any (b; c) 2 E 3 2 F 3 , each of (34) and (35) has either no or exactly three solutions.
Note that for even n, the condition gcd(n=20k; n) = 1 is equivalent to that gcd(k; n) = 2 if n=2 is odd and gcd(k; n) = 1 if n=2 is even :
It is assumed in the sequel that (36) always holds. 
It is a generalization of the Kasami code [25] , and we call it the generalized Kasami code.
The weight enumerator of C is expressed in terms of N 1 and N 2 . Applying the MacWilliams identities [15] , one can determine the values of N1 and N2. Let D be the dual code of C, and Aj and Bj denote the numbers of codewords of weight j in C and D, respectively. 2) The code C has the following weight distribution of nonzero codewords: (see (39) at the bottom of the following page).
The proof of this theorem is presented in Appendix C.
In (39), the weight distribution of C is a function of n. For k = n=2 + 1, (39) was given in [13, Th. 14] .
By Theorem 1 and the analysis after Lemma 5, a corollary follows. In order to completely determine the correlation distribution of the families to be proposed in Section V, the distributions on f = 0g:
Their cardinalities and that of their intersection are given as follows.
Lemma 6:
if n=2 is odd The proof of this lemma is presented in Appendix E.
Proposition 5:
1) For odd n=2, and all (b; c) in E 3 2 F 3 , the distribution of 
For even n=2, the situation is more complicated. The result is listed in the following proposition, and its proof is presented in Appendix G. It is easy to check that in this sense, F 1 = F 3 for n = 4 and F 2 = F 4 for n = 6. Thus, for n = 4 and 6, the large set of Kasami sequences K l = F n=2+1 is the unique family derived from Definition 2, and n 8 is required to find six-valued sequence families different from K l .
For n 8, sequence family F k different from the large set of (60) at the bottom of the page, for n=2 is odd. The distribution is shown in (61) at the bottom of the page, for n=2 even.
The proof of this theorem is presented in Appendix H.
The imbalance I(s) of a binary sequence s is the difference between the times for zeros and ones to appear in s. In order to find the imbalance of sequences in F k , it is sufficient to determine the distribution of Thus, by Propositions 1, 2, 5, and 6, the following result is obtained.
Proposition 8:
Let k be an integer satisfying the condition in (36).
The imbalance distribution of sequences in F k is shown in (62) at the bottom of the next page, for odd n=2, and the imbalance distribution is shown in (63) at the bottom of the next page, for even n=2. Table I summarizes the properties of some families with low correlation.
Below are two examples obtained through the corresponding results given by (60) and (61). These distributions are verified numerically.
Example 1:
1) Let n = 6 and k = 2. is n 0 2. When n=2 is even, by Proposition 1 (2), the rank of tr n 1 (x 2 +1 ) is n 0 2 or n, depending on is a cubic element in E or not. Case 3: = 0 and 6 = 0 By Proposition 2, the rank of tr n=2 1 (x 2 +1 ) is n. Thus, in Cases 2 and 3, for fixed and , the weight distribution of c(; ; ) as runs through all elements in E is By the analysis after Lemma 5, for any fixed nonzero , the weight distribution of c(; ; ) as (; ) runs through all elements in E 2 E 3 , is shown in the first equation at the bottom of the page.
Combining the results for all four cases, the weight distribution of nonzero codewords in C is shown in the second equation at the bottom of the page for odd n=2, and the weight distribution is shown in the third equation at the bottom of the page for even n=2. Therefore 
Therefore, we get (76) at the bottom of the next page. In order to determine j51 \ 52j, it is sufficient to find all solutions to the system of equations 
This shows y 1 = 0 or 1 since gcd(n=2 6 k; n) = 1. Thus, (x 1 ; y 1 ) is equal to (1; 0) or (0; 1). Therefore, all solutions to (77) and then j5 1 \ 5 2 j are obtained.
APPENDIX E PROOF OF LEMMA 7
Proof: The degree 1 power sum can be directly calculated. 
APPENDIX H PROOF OF THEOREM 2

Proof:
1) For odd n=2. By (56), for given and i = 1; 2, as ( i ; i ) runs through all elements in E 2 F for exactly once, (b 1 ; c 1 ) runs through all elements in E 2 F for exactly 2 3n=2 times.
x 1 + x 2 + x 3 = 2(2 n 0 2 n=2 0 2)(2 n=2 0 1)=3 x4 + x5 = (2 n=2 + 1) 2 (2 n=2 0 1)=3 2 n=2+1 (x1 0 x2) + 2 n=2 (x4 0 x5) = 2 n=2 (2 n 0 1) (2 n=2+1 ) 2 (x 1 + x 2 ) + (2 n=2 ) 2 (x 4 + x 5 ) = 2 n (2 n 0 1)(2 n=2 0 1) (2 n=2+1 ) 3 
